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AnalysisofrotatingstallofcompressorMade rowsrequirespeci-
ficationofa dynadcliftcurvefortheairfoilsectionatornear
stall,presumablyincludingtheeffectoflifthysteresis.Considera-
tionoftheMsgnusliftofa rotatingcylindersuggestsperformingan
unsteadyboundary-layercalculationtofindthemovementofthesepara-
tionpointsof an airfoilfixedina streamofvsriableincidence.Then
considerationofthesheddingofvorticityintothewakeshouldyield
anestimateofliftincrewntproportionaltotimerateofchangeof
angleof attack.Thisincrementistheamplitudeofthehysteresis
loop.
An approximateanalysisiscarriedoutaccordingtotheforegoing-
ideasfora 6:1ellipticairfoilattheangleofattackformsximum
lift. Theassumptionof smallperturbationsfrommaximumliftismade,
permittingneglectofdistributedvorticityinthewake. Thecalculated
hysteresis.loopiscounterclockwise.Thecomputedincrementoflift
~oefficientisquitelarge,indicatingappreciableunsteadylifthyster-
esisforquitesmallreducedfrequencyofflowoscillation.It iS
assumedthattotheorderofthisanalysis,thewakebeginsatthe
separationpointdefinedby zeroshear.Thisassuqtionis questionable
forunsteadyflow.
Finally,a discussionoftheformsofhysteresisloopsippresented;
and,forsmallreducedfrequencyofoscillation,itisconcludedthat
theconceptofa viscous“tireslsg”isappropriateonlyforharmonic
variationofangleofattackwithtimeatmeanconditionsotherthan
maximumlift.
. .— . —.- ._ ________ ._ ——— —— -———
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Thephenomenaof “stallflutter”and‘rotatingstall”whichmay
appesrinansxial-flowcompressorbothinvolvefluctuationsinflow
aboutbladesoperatingneartheiraerodynamicstallpoint;thatis,at
an averageflowincidenceanglenearthatcorrespondingtomaximumblade
lift.
Theanalysisof stallflutterhasbeenheldbackby uncertaintyas
tothede~endenceofairfoiliftandmomentona fluctuatingincidence
anglenearstall.Mendelsonin reference1 proposedassumptionofthe
linearaerodynamicforceandmomentrelationsappropriateo steady
flowat smallangleofincidence,modifiedby thefurtherassumption
that,astheairfoiloscillates,theforcesandmomentslagbehindthe
-W Mspl=ement’oftheairfoil,owingtoviscouseffects.Sucha
timelagrepresentsanunsteadyhysteresiswhichmayprovidecyclic
workto amplifyormaintainflutter.Perhapsthefirstexperimental
studyoflifthysteresiswasthatofFarren(ref.2). Halfman,Johnson,
andHaley(ref.3)andSchnittger(ref.4)havemorerecentlystudied
aerodynamichysteresisexperimentallyandhavepresentedempiricalanal-
ysesoftheirresults.
An analysisofrotatingstall(e.g.,thatofSears,ref.5)also
requirespecificationofa dynamiclift-incidencerelatiou(orthe
equivalent,asinthestudyof13mmons,Pearson,andGrant,ref.6,and
inMarble’sanalysis,ref.7). SearshasadoptedMendelson’sphase-lag
hypothesis,andthisphaseangleisanundeterminedparam+erofhis
analysis. -,
Theconceptofviscoustireslagisnotentirelysatisfactory,
however,partlybecausethephenomenonitse~ isunexplained,butchiefly ‘“
becausetheconceptobviouslycannotdescribea lift-hysteresisloop
whichmightoccurat a notinalconditionofmsximunlift.
Thephenomenonofaerodynamichysteresispresumablydepends,at
leaatinpart,ontheairfoilboundarylayer.Also,inthisstudy,
hysteresisistakentobe afun-ntally unsteadyphenomenon,otex-
plainableby considerationofthesteadyorquasi-steadyboundarylayer.l
Inthepresentreport,considerationisgiventotheincompressible
flowfieldabouta singleairfoilfixedina flowof oscillating
lAirfoilswithliftcurveswhichbreaksharplyat stallmayshow
lifthysteresisin steadyflow,a phenomenondistinctfromthatunder
studyherein.
.>
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incidence,undertheassumptionofanunsteadybutnee.r~quasi-steady2
laminarboundarylayer. (This sortofboundarylayerisanalyzedin
ref.8.) Theanalysisofthisflowfieldisundertakeninordertogain
anunderstandingofthecauseoflifthysteresisandto describeits
formand(crudely)itsmagnitudefora specialairfoilatmaximumlift.
ThebaSicquasi-steadyflowtobe usedinthepresentanalysisis
providedbyHowarth’sanalysis(ref.9)ofthewaythelaminarboundary
layer(andhencecirculation)aboutaninfinitellipticylinderde-
pendsonangleofattack,appliedata conditionofmsximumlift.In
reference9,Howarthmakesassumptionsunderwhichhisresultbecomes
quantitativelyinacc~ate,thoughboththeapproachandtheresultare
qualitativelyinstructive.Thesamelimitationsaffecthepresent
analysis.
Holdingtheairfoilfixedwhiletheflowdirectionoscillatessim-
ulatestheacceptedpictureofrotatingst+, inwhichsuccessiveblade
passagestallprogressi~elyalonga perfectlyrigidcascade.Thesome-
whatdifferentcaseofanoscillatingairfoilina uniformstream,which
isappropriateothestallflutterproblem,isnotanalyzedinthis
report.However,thereisanexampleinthe“osciuatiqgtirfoilncate-
gorywhichillustratestheconsiderationsu der~i~ thepresentstudy;
namely,therotatingcircularcylinderina uniformstream.If a circu-
larcylinderisfixedina uniformstream,itofcoursexperiencesno
lift. Further,ifitisgivenanangulardisplacement,itsliftdoesnot
change,butremainszero.Thus,thisdegenerate“airfoil”maybe saidto
be ina stallcondition,atmaximumlift,infact.Now,ifthecircular
cylinderisgivena constantangulsrvelocityof rotationaboutitsaxis,
“thena circulationdevelopsandan aerodynamicforce(Magnusforce)
transversetotheflowdirectionisexerted.If thestreamvelocityis
fromlefttorighta~dtherotationiscloc~se, thentheforceisup-
ward(lift).Iftherotationiscounterclockwise,theforceis
downward.
Thisphenomenonisexplained(ref.10,par.27)by considerationof
theboundarylayer.In thecaseofclockwiserotation,theuppersurface
ofthecylinderismovingwith,andthebottomsurfaceagainst,theflow.
Consequently,ifcirculationremainszero,theboundarylayerbeparates
lateronthetopandsooneronthebottomthanisthecasewhenthecyl-
inderisnotrotating.Onthetop,laterseparationmeansthatthe
velocityoutsidetheboundarylayerisloweratseparation.Now,the
separationpointsignifiesthebeginningof a wake. Therefore,the
.
21na quasi-steadyflow,quantitiesvaryslowly”enoughsothat
steady-stater sultsapplyat eachinstantoftimealthoughslight
variationsrsrepermittedfromoneinstantothenext.
— . .—_ ._ _______
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clockwisevorticityshedintothewake,beingproportionaltothelocal
outervelocity,islessonthetop,andthecounterclockwisevorticity
shedatthebottomseparationisgreater,thaninthecaseofno
rotation.
Therefore,owingto clockwiserotation,a netincreaseofcounter-
clockwisevorticityis shed.By thelawofconservationf circulation,
thecirculationthereforecannotbe zero,anda clockwisecirculation
mustdevelopabouttheairfoilto compensatefortheshedvorticity.
Accordingto classicalhydrodynamics,thiscirculationresultsinlift.
If,insteadofrotatingsteadily,thecylinderundergoesa rota-
tionaloscillation,thesameconsiderationsapply,ifthereducedfre-
quencyof oscillationissmall.Inthatcase,theoscillatingliftis
proportionaltotheinstantaneousvelocityofrotation.Thus,whenthe
‘angleofattack”ofthecylinderisincreasing,thereispositivelift,
andwhentheangleisdecreasing,thereisnegativelift;overa complete
cycle,thecurveofliftagainstangleofattackwouldbe a loop.
Therefore,thecircularcylinderundergoinga rotationaloscilla-
tionexhibitslifthysteresis,by reasonoftheresponseoftheboundary
layerto themovementofthesurface.In themorecomplicatedproblem
ofa noncircularcylinder,orairfoil,similarconsiderationsmaybe
expectedto apply.Of course,intheairfoilproblemcontemplatedin
thepresentstudy,theaccelerationftheflowfieldmaybe expectedto
providean additionalcomponentofpressurelift,derivablefromcon-
siderationofKelvin’simpulse.
PRELIMINARYCONSIDERATIONS
StatementofProblem
Considerationisgivento theliftofan isolatedairfoilinthe
formofaninfinitellipticylinderwitha semichord2 anda thick-
nessratio P,ata stall- angleofattacka to a streamofvelocity
U (seefig.1). A fulllistofnotationis providedintheappendix.
Holdingtheairfoilpositionandthemagnitudeof U fixed,the
angleofattacka ispermittedtovarywithtinw. Sucha flowmaybe
constructedby allowinga muvingsourceQ to approachan airfoilfixed
.
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inanotherwiseuniformstream,thedirectionofapproachbeingnormal
tothestreamdirection,asinsketch(a):
*
Q/2xh
Jo)
u
h(t)
Sketch(a).Airfoilandsource
Solongas h,theinstantaneousdistancefrom Q to theairfoil,is
nmchgreaterthan 2,theairfoilfindsitseli?effectivelyina uniform
streamofincidence
a=a (0) Q
+ 2fihU
andofmagnitudedifferingfrom U onlyto secondorderin Q/2nhU.
Therateofchangeofangleof attackis
.
2:% ‘-i)
a=—
wherethedotsignifiesdifferentiationwithrespecto time. Thefore-
goingmodelappliesqualitativelytothephenomenonofrotatingcompres-
sorstall,ifthemovingsourceQ istakentorepresenttheapproach
ofa flowblockagepropagatingalonga cascade.
Thepresentanalysis-willbecarriedoutasthough& isa small
cons}.ant.Actually,if a isquitesmall,andhigherderivativessuch
as a arenegligiblysmall,theanalysiswill-becorrectateachinstant
usingtheappropriateinstantaneousvalueof a. (Thisisthefirst
refinementoverthequasi-steadyassumptionwhichusesinstantaneous
valuesof a itseif;orforoscillatorya, thelineartermofa Taylor
seriesinredu~edfrequency.)It isclearthatthesolutionoftheprob-
lemtoordera prtidesa measureofhysteresis:Supposean expression
forliftisobtainedintheform
.— -— ..—.—_ ..—— ..— —.— ~ ——. — -.. — ——..——
6 NACATN 3571
.
Thefirsttwotermssrethe
providesthat,if G isin
quasi-steadycontributions.Thetermin &
theprocessofincreasingwithtime,then , .
theliftishigher(assumingC2~ positive)thanthequasi-steadyvalue.
Theconverseistrueif u isdecreasing.Thus,if a performsan
harmonicoscillation,theliftcurveisa loopl.ytngto eithersiu of
“thequasi-steadycurveofwidthproportionaltothefrequencyof
oscillation.
In orderthatthepresentanalysisbearonthequestionofrotating a
stall,nominalangleofattackmustbe selectedforwhichtheairfoil F
is ina stalledcondition.Maximumliftisthemostsimplydescribed k
stallcondition.Accordingly,thenominalangleofattackis chosenas
thatforwhichtheliftisa maximum.Thisselectionismadefortwo
morecompellingreasons:
(1)Theresultwilltendto isolatetheeffectofhysteresis,in-
asmuchasno quasi-steadychangein liftresultsfromchangein a about
themaxhumliftvalue.Of course,if lifthysteresisisfoundunder
a meancontitionofmaximumlift,thentheideaofviscoustimelagwill
therebybe showntobe inappropriate.
(2)Anyotherassumptionwouldleadtogreattheoreticalcomplica-
tion. Theanalysisistobe a perturbationfquasi-steadyflow. If,
atthenominalangleofattack,changein a resultedina quasi-steady
changeincirculation,then,totheorderofthepresentanalysis,
inducedwakeeffectswouldrequireconsideration.
PotentialFlow
.
Outsidetheboundsrylayeroftheellipse,irrotationalincompress-
ibleflqwis assumed.At eachinstant,3thevelocitypotentialonthe
surfaceoftheellipseis (ref.11,par.71)
q)= Zu(l+ p) Cos (q-u) + (1)
wherethesurfaceisdefinedby
x =2cosq; ya13Zsinq (2)
Alongthesurface,measurings clockwise,
aq af4aq
“l=z=aiiz
.
(3) ..
%’hequasi-steadyassumptionappliespreciselyforthecalculation
oftheunsteadyvelocitypotential.
—
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q
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(4)
At thisjuncture,theconditionofmaxiruumlifthasnotbeenimposed,
andthecirculationr isleftunspecified.Of course,both a and
r mayvary withtime.
Theforegoingdescriptionfthepotentialvelocitydistribution
ismadeontheassumptionthattheboundarylayerisnegligiblythin
everywhereontheellipse.Thisassumptionisusuallyquiteproper
aheadoftheseparationpoints.Theassumptionthatthewakeaftof
separationdoesnotimportantlyaffecthepotentialflowisnotproper;
certainly,thisassumptionis quantitativelypooratmaximumlift,es-
peciallyifthepotentialflowisusedto computeseparationpoint.
However,theresultsobtainedonthebasisofthisassumptionareex-
pectedtohavequalitativealidity.
BOUNDARY-IAIERANALYSIS
Quasi-SteadyBoundaxyLayer
As a basisforsubsequentcalculationfunsteadyeffects,the
quasi-steadylaminarboundarylayerontheellipsemaybe approximately
determinedby theK&&n -Pohlhauseni tegralmethod,asimprovedby
HolsteinandBohlen(seeSchlichting,ref.12,ch.XII). Thedifferen-
tialequationis
(5a)
subjectotheinitialconditionatthestagnationpoint(q= O):
‘o = 0.0770 (5?3]
where Z s 0%fi2,@ beingthemomentumthickness.ThefunctionF(x) .
istabulatedinreference12.
Determinationf Z and I’atmaximumlift.- Giventhevelocity
distributionq,thegrowthoftheboundarylayermaybe compu’tedfrom
equations(5),thecalculationproceeikhguntilboththeseparation
points(F and ~, fig.1)arereached,forwhich (x)s= (x)E=-0.1567,
Inthepresentproblemthepotential.velocitydistributionhasnot
yetbeenfullyprescribed,sinceI’ remainsunhewn. FollowiugHowarth
(ref.9),supposethat,fora givena, a valueof I’isassumed,and
theboundary-layercalculationiscarriedout. Then,atthetopsepara-
tionpoint,clockwisevorticityisshedintothewakeattherate
(6)
-.
—— —-..— ~——. —
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whileat s,counterclockwisevorticityisshedattherate ;(u;)~.
Now,if (u~)~differsfrom(ul)~,thereisa netchangeofcirculation
.
—
inthewake,-whichisnotpossibleinsteadyflow.Therefore,newtrial
valuesof r mustbe assumeduntiltheparticularvalueof I’ isde-
terminedforwhichthesolutionofequations(5)yieldsseparationpoints
forwhich(ul)s= (U1)E.
—
Theforegoingproceduremustbe csrriedoutforeachofa nuniber
ofanglesofattackin ordertodeterminethevaluesof u UJand r at
maximumlift.Inreference9,Howarthperformedthesecalculationsfor E
P
m
1/6 anddetermineda theoreticalliftcurve.Themaximumvalueof
r/~fiUZwasfoundtobe 0.0761atanangleofattacka= 7°. Hiscom-
pletedistributionf Z atthisconditionisnotpresentedinref-
erence9. Accordingly,thecalculationhasbeenrepeated,by integrating
equation(5a)intheform
dz
—=A(q) F(x);dq x Za(q]Z (7a)
where
(7b)
and,fromequation(4),
[
17
q =— 1‘.~in(7-7°)+ 0.0761R6 (8)
At theforwardstagnationpointwhere q = O,~ . 190.74°,andthein-
9itialconditionis,fromequations(5],(6),an (7a),
0.0770/a.= 0.00407
‘o=
(7C)
Thesolutionwasobtainedusinga step-by-stepmethodinwhicha
parabolaispassedthroughtwoknownvaluesandthenextunknownvalue
of dZ/d~,integratingtofind Z intermsoftheunknowndZ/dV,then
applyingequation(7a)attheunknownpointto solvefor &Z/dq.Two
startingvalueswe~efoundfroma Taylorseriesaboutno. Thestep
sizein 7 was10 exceptnearthestagnationa dseparationpointwhere
finerspacingwasused. Thesolutionof Z isshowninfigure2 andin
tableI. Theseparationpoints,forwhichx = -0.1567,occurredat
~
= 80.0°and 340.83°.Of course,q shouldbethesameat ~ and ~.
Thedifferencecitedinthetableindicatesthedegreeoferrorpresent
inthecalculations.
.
Determinationf azpa.-Forsubsequentuseintheunsteadyequa-
tions,itisnecessarytoknowtherateofchangeof Z with a in
quasi-steadyflow.At maximumMft, when a ischanged,thequasi- ‘.
steadyboundarylayerchanges,andthelocationsoftheseparationpoints
————
NACATN 3571., 9
arechanged.Of course,thevelocitiesat s and ~ mustremainequal,
because~17/?ix= O atmaximumlift,by defi~ition.
Differentiatingequation(?a)yields
~
where
-1
co
dza
&j--=B(v)Za+ (9a]
{9b)
Theinitialconditionfor Za at T).isdeterminedlyspecifyingthat
dZa/dVmustbe finitethere;fromequations(9a)and(9b),
In equations(9]sXlquantitiesaretobe
maximumlift;theappropriatesuperscript
= -0.00660 (9C)
evaluatedattheconditionof
(0)isomittedforbrevity.
Of course,forpurposesoffinding~ and MT ineq~tio~-(9),the
angleofattackof7°shouldbe replacedby a inequation(8)~d set
equalto 7°again,subsequentto differentiation.Equations(9)have
beenintegratedtoyield & by thesamemethodasdescri%edforfind-
ing Z, andtheresultiss&wn infigure3 andin
Thenextstepin
boundarylayeronthe
UnsteadyBoundaryLayer
theanalysisisto-determine
angularvelocitya, assumed
talleI.
thedependenceofthe
small.To thisorder
ofapproximation,equation(8)describingthepotentialflowmustbe
modifiedto inc}udethepossibilityofa contributionto circulationi
proportionto a (or,indimensionlessform,.5=&2/U),asfollows:
U1
[q~r=;; 1sin(q-7°)+ 0.0761+,yE (lo)
Thecoefficientofcirculationhysteresisy mustbe foundfroma con-
ditionofvorticitysheddingattheseparationpointsofth~unsteady
boundarylayer.Thecontributiontoliftproportionalto a thenfol-
lows.Determinationfthepropervorticity-sheddingconditionwillbe
discussedina subsequentsection.
.—..—.—- . -—.— ..—.— .——.——.—---- —- --
.—. -— - _ ..——
—.—— --
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TheunsteadyformoftheK6rm’nmomentumequation(seeref.12)is
(n) ‘
Steadyequations(5a)and(7a)areobtainedfromequation(11)by omit-
tingthetermontherightside.An iterationproceduremightthenbe
adopted:Thequasi-steady5* canbe substitutedintotherightside
ofequation(n), anda newsolutionobtained}to includefirst-order . co
unsteadyeffects.Usingthedefinitionsofreference12,andwriting F
thetimederivativeinequation(Ill.)as x.
~ (U15*)= :% (U15*) (12)
thereisfound,correspondingto equation(5a),
(13)
The~ction fl(x) istabulatedinreference12,and q iS given @
equation(10).Again,forpurposesoffinding
3
and ~q, theangle
7°inequation(10)shouldtemporarilybe replaceby u.
.
Insteadoftheindicatediteration,inthepresentstudytheequiv-
alentprocedureisadopt~doffindingthecoefficientsoftheexpansion
z = z“(o)+~a+&zG+ ““”
ThecoefficientsZ(o) and Za havealreadybeenfound(eqs.(7)and
(9)andfigs.2 and3). ThederivativeZ, remainstobe found.Dif- “
ferentiatingequation(M) andnoting
aze q M ~
F’(x)‘s &s—=as ~Ze+Fl~Z-—- q2
that-Xa = !@a+ qmz>
(14)
In equation(14)andhereinafter,evaluationofQuantitiesinthesteady
stateatmaximumliftistobe understod,andthesuperscript(0)is
omittedforbrevity.
It isimpossibleto ensurea fihitevalueof ~/ds atthestag-
nationpointbecauseofthesecond-orderpole -2flz~q2. Thephysical
reasonforthisresultisthefactthat,atthestagnationpointofa
certaininstant,theboundary-layervelocityprofilewillnotvanish,
asin steadyflow,butratherwillrespondtotheinstantaneousaccelera-
tion & morepromptlythantheouterpotentialflow.A profileof .
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magnitude& maythusbe expected,vanishingintheouterstreamas
wellasthewallas showninsketch(b):
/
.
I
1Boundary-layer
profile
/
Sketch(b).Noseofairfoil
Thereforejthedefinitionofmomentumthickness
+f+
showsthat,ifthevelocityu intheboundarylayerhasa partpro-
portionalto u
i
anda partproportionalto e, thenthepartof 6
(andhenceof = @2Ufi2)whichisproportionalto 6 musthavea
simple.polein ul. Actually,ofcourse,thequantity@ isinappro-
priatefordefininga thicknessofa profileofthetypeshownin sketch
(b),andtheappearanceofa polein 6 simplyindicatesthislackof
physicalsignificance.
..
Theforegoingconsiderationssuggesthata newvariableW be
definedtoreplaceZc:
w= qz~ (15)
Substitutingequation(15)intoequation(14)yields
dW
[
% % fl’
—=ds 1$ (l+ F’)IJ+ZF’qes- F> - 2f1Z —+ ~+ ~ (qsZa+%Z)~
(16)
0
— .-———-—.— —-.— .— .-——— — -— — —
~..—— ..———-—
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In orderthat dW/dsbe finiteatthestagnationpoint,thetwopoles
ontherightsideofequation(16)mustcancel,yfeldingtheinitial .
contition r 1
‘O=l(:::q.lo=-oooL J
wherethenumericalvalueisobtainedusingequations(3),(7c),and(10),
andthetablesofreference2. Inasmuchas ~ = T/R (eq.(10)),the
functionW maybe splitintotwoparts,asfollows:
w? x+yY (18)
sothat(changingto q asindependentvariable)equations(16)and(17)
provide
where
dx
—= C(l)]x+c(q)al)
and
X.=
-0.001015
~“=C(rI)Y+ d(~)
where
and
‘0=0
Equatioris(19b)and(20b)areevaluatedusingthesolutionsfor
z~, thetablesofreference12,andequations(3)and(10).
(19a)
(19b)
(19C)
(20a)
.(20b)
(20C)
Z and
Solutionsofequations(19)and(20),obtainedby themethodused
to find Z, srepresentedinfigures4 and5 andtableI.
o
al
Eto
1.
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D~ION OFLEFT
UnsteadyBalanceofShedVorticity
..
.
In orderto determinetheunsteadypressurelift,thecoefficient
Y (eq.(10))mustbe determined.In steadyflow(seethediscussion
acco~anyingeq.(6)),thecirculationI’ wasobtainedby requiring
thatvorticitybe shedinequal.andoppositeamountsatthetwosepara-
tionpoints.
In thepresentunsteadyproblem,thenetrateofvorticityappear-
anceinthewakemustvanish,notonlyinthequasi-steadyapproximation,
butto order~ aswell,inviewoftheassumptionthatthequasi-
steadycirculationismaximum.‘Bytheclassicaltheoremconcerningcon-
stancyofcirculation,anynetrateofdischargeofvorticityintothe
wakemustbebalancedby a rateofincreaseofcirculationaboutthe
body. Iftheairfoili.snomin~ atmsxinn.unlift,thenthecirculation
terms(eq.(10)),to ordere ~ oil/U,are
0.0761+w
Therateofincreaseofthisexpressionisatmostoforder“~,and
thereforetherecannotbe anynetdischargeofvorticityto order~.
If theairfoilwerenotatmaximumlift,thentheexpressionfor
circulationw?uldcontaina termproportionalto Ax,whichwouldchange
attherate a, andwouldhavetobebalancedby a netrateofvorticity
dischsrgeoforder~. Inturn,thisdistributionfcirculationi the
wakewouldinducefurthermodificationsofthepotentialflow. Therefore,
theassu@ion ofmsximumliftperndtstheneglectoftheinducedeffects
ofdistributedcirculationi thewake.
Movementofseparationpoints.- In orderto effecta balance(to
ordera) ofvorticityshedattheseparationpoints,themovementsof
theseparationpointsmustbe takenintoaccount.Thepositionofthe
topseparationpointE maybe written
(21)T= (n++j=+E@)=+’00
Thecoefficient(2)
a- is obtainedfromthequasi-ste~”solution:
E
At separation(x= -O.1567),“
E)E=-(%$$,-
---- .——. —. ___ —— —
——. — —-. — —
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Fromequations(7),
whence,holdingx fixedat -0.1567,
($) (
a- ‘%p+‘C&=-
’73 Zqvq+
)~~ -+~ sin27E
(22a)
(22b)
co
*
1-to
(23)
where Z and Z= maybe obtainedfromtable1.
Thecoefficient(ai@&)=comesfromtheunsteadysolution:
@)E= -r*)=
Fromequations(7),
n&= - * (Zeqq+ Zq;’)
which,uponsubstitutionfequat,:ons(10),(15),and(18),becomes
‘q
X6 =
-*(x+ TY)$+qsin2q (24)
72R
Equations(22a)and(24)thuspruvidethat
At tlibottomstagnationpoint,equations(21),(23),and(25)
apply,withsubscript~ replacingsubscriptE.
. .
c?!
a’02
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Equationofvorticityshedatseparationpoints.- Takingintoac-
countthemotionoftheseparationpoint,therateofvorticitysheddi~
atthetopisgivenby thefollowingequation,whichreplacesequation
(6):
Fromequations(3)and(21),
\
(26)
Equations(27)yieldthefollowingexpressionfortheright
tion(26):
r
6ide ofequa-
(28)
Expression(28]representsclockwisevorticityshedatthetopsepara-
tionpoint.At thebottomseparationpoint,theamountofcounterclock-
wisevorticityshedisalsorepresentedbyequation(28),if subscripts
E arereplacedby s.
Therefore,equatingthenetdischsrgeofvorticityto zero,
-A L 129)+ ““=
Inthequasi-steadyflow,(U1)E=(Ul)Szandthecoefficientof b’ must
be zero..Therefore,thecoefficiento; C in equation (29)Wt va~sh:
(%2):(22);. [%); $2)J=.
._——_____ __ __
..——___ ._ ._
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1E~~ations(23),(25, and(30)andtableIappearsineq. (25). Theresultis,
T= -6.1
(Rb~a)s
+l-.==O (30)
s
sufficeto determineT (which
Definitionofseparationpoint.- In effect,ithasbeenassumed
that,duringtheunsteadymotion,separationisdefinedbythecondition
of zeroshear(x= -0.1567)andthesubsequentappearanceofreverse
flowrelativetothesurface,justasinsteadyflow.Thisassumption
is opento question.Thequestionishow (orwhether)localvelocity-
profilecharacteristicsmaybe interpretedto identifytheleadingedge
ofa wake.
Theusualsteadycriterion,whichnotestheappearanceofreverse
flowdownstreamofthepointofzeroshear,impliesthatthefluidin
thewakeisfixedrelativetothebody. If,intheunsteadycase,the
wakemaystillbe regardedasfixedtothebody,thenitmaybe thatthe
steadycriterionis stillapplicable.
tion
only
However,thepresentassumptionofthesteadydefinitionof separa-
isnotadvancedwithcompleteconfidence.Rather,itisfeltthat
a suitablexperimentcansettlethispoint.
LiftofAirfoil
Thesteadyliftcoefficientoftheairfoiloffigure1 isdeter-
minedfromthesteadycirculation:
(0)= =*=2fi(oao761)pur
Cz = 0.48
+ pu2(2z)
(32)
Therearetwocontributionsto liftproportionalto 6. Fromtheun-
steadycirculation,
~:1)
~ 2~= -38.6 (33) .
&
anda furthercontributionisfoundby considerationoftheremainderof
thepotentialflow. ThetwocomponentsofKelvin’simpulsefortheflow ~
illustratedinfigure1 (leavingcirculationutofaccount)are
~,Iy = YCPUZ2(P2COSCL,sin a)
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(Seepars.71and123ofref.il..) Whence,thecorresponding
ofvectorforceare
bIx,
+
F,F=~a=
XY
fipUZ2;(-j32sina, cosu)
andtheliftis
. l
17
components
L
(
-F sin.a=fipn2~1+~2 1+1-P2= Fycosa x 2
)
— Cos2U
1+B2
Thefollowinglift coefficientresults:
(
1
-P2
;(1+B2) 1+
)
2 Cos2a = 3.09
l+p.
(34)
ThefinalexpressionforAft co~ineseqw~ions(32),(33),and
(34):
. .
‘0)“(c?+CP)Cz= cl
.
al
= 0.48- 36—u (35)
Thesignofthesecondtermoftheresultofequation(35)indicates
that,whileangleofattackisincreasing,theliftislowerthanthe
quasi-steadyvalue,andhigheriftheangleofattackisdecreasing.
Thus,nearmaximumlift,theliftcurvewouldexhibita counterclockwise
hysteresisloopenclosingthestallpoint.Thisresultisperhaps
countertoexpectations,becauseclockwisehysteresisisfoundexperi-
mentallyforoscillatingairfoils.Itmaybe thatdifferentdirections
ofhysteresisshouldbe expectedwhentheairfoiloscillatesandwhen,
as inthepresentstudy,thestreamdirectionoscillates.
In anycase,itmaybe shownthattheoverridingeffectproducing
counterclockwisehysteresisintheyresentproblemisthequasi-steady
movementoftheseparationpointoverthetopsurface.,As thissepara--
tionpointmovesforwardunderincreasingangleofattack,clockwise
vorticityintheboundarylayerjoinsthewakeastheseparationpoint
passes.Accordingly,a counterclockwiseairfoilcirculation( egative
y) isrequiredtobalancethiseffect.Thetermofequation(26)that
isconcernedwiththismovementistheoneinvolvingd3/dt.
Fortheellipticairfoilproblemtreatedherein,thequasi-steady
movementoftheupperseparationpointisquiteextensive;numricalJy,
b7@u= 13.9,indicatingthattheseparationpointisverylooselyfixed
to theairfoilsurface.By wayofcontrast,inthecaseoftherotating
circulsrcylinder,thereisno effectofthissort,becausea changein
angleofattackproducesno quasi-steadymovementoftheseparationpoint
atdl.1.Othercontributionstothesheddingofvorticitythenleadto
theresultofclockwisehysteresisforthecircularcylinder.
.———. .———. _____ _. —.. ._
—z . . ———.——
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LEFTHYSTERESIS
Theforegoinganalysisdoesnotprovidea completetheoryofun-
steadyflowabouta stalledairfoil.Rather,theanalysisillustrates
theconsiderationsthatwouldunderliesucha theoryandfurthermake
plausiblethegeneral.assumptionf anexpansionofliftcoefficientin
theformd equation(35).Thisexpansionwouldbevalidfornearly
quasi-steadyconditions.Also,ithasbeenshownthata counterclockwise
hysteresisloopmaybe expectedata nominalconditionofmaximumlift
with,apparently,a largean@itude.
If theforegoingconditionsaremet,and & issimpleharmonic,
&“asin 2X& (36a)
then
&a - 2m sin(2mt - 90°) (36b)
Useofrelation(36b)intheliftformula(35)maybe saidtocorrespond
totheassumption(ref.5) ofa positivelift-curveslopeanda phase
lag,90°inthiscase,thoughthepositiveslopewouldnotcorrespondto
thesteadyliftcurve.Thehysteresisloopforthiscsseappearsasan
ellipseontheliftcurveoffigure6(a].Theamplitudeandwidthof
theloopareassumedsmallinthepresentdiscussionandareexaggerated
infigure6.
If a isnotsimpleharmonic,thentheconceptofphaselagisal- ‘
togetherinappropriate.Forexample,if cc ismorenearlya “saw-tooth”
functionoftime(fig.6(b)),thentheliftincrementisnearlya
“battlement”function.Thecorrespondinghysteresisloopisnearlyrec-
tangular.If a changesaccordingto anexponentialpulse(illustrated
by a Gaussiancurveinfig.6(c)],thenthehysteresislo~pisegg-shaped,
withthebroadendtotheright.
CONCLUSIONS
Theanalysisofrotatingstallinansxial-flowcompressorrequires
specificationofa dynamicliftcurveapplicablenearstall.Ithas
previouslybeensuggestedthatunsteadylifthysteresisisan important
characteristicofsucha curve.
ConsiderationfthefamiliarexperimentalfactofMagnuslifton
a rotatingcylinderindicatesa theoreticalpproachtothequestionof .
aerc@mmichysteresiswhich,thoughcertainlynotdefinitive,mayprove
helpful.TheacceptedexplanationfMagnusliftisthat,ifthecylin- ,,
derisinmotiontowardtheleftandrotatesclockwise,themovementof
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thesurfacedelaysboundary-layerseparation thetopandadvancesit
onthebottom.In steadyflow,considerationsf constancyofwakecir-
culationrequirethattheoutervelocityatthetwoseparationpointsbe
equal.Thedelayedseparationatthetopimpliesa lowervelocity(vice
versaonthebottom),anda compensatoryclockwisecirculationmust
thereforeoccur.
Theforegoingreasoningisextendedto applytotheproblemofan
airfoilof ellipticsectionina streamofconstantvelocitybutof
(slightly)oscillatingdirection.Theairfoilisconsideredtobe nom-
inallyatmaximumlift.Thisassu@ion,reasonableforunsteadyprob-
lemsat”nearlystalledconditions,providesanessentialsimplification.
Tofirstorderinsmallquantities,thelift(circulation)incrementdue
totheoscillationcandependonlyonrateofchangeofangleofattack;
and,justas inthecylindercase,allinducedwakeeffectsmaybe
ignored.
Forpurposesofcomputingtheamountofvorticityshedintothe
wake,theseparationpointisidentifiedasthepointofvanishingsheary
justasin steadyflow. It isnotclear,however,thatthisassumption
isproper.
Underthesevsriousassumptions,theunst~adyincrementinlift
coefficientoftheellipseisfoundtobe -36u2/U,ofwhichabout92
percentisduetotheunsteadymovementoftheseparationpointsandthe
remainderisdueto impulsivepressure.Thisliftincrementgivesthe
amplitudeofa lift-hysteresisloopatmximumlift.Theloopis coun-
terclockwise,a result hatcanbe.relatedtotheetiremelymigratory
tendencyoftheseparationpointontheuppersurfaceoftheellipse
undera changeinangleofattackinsteadyflow. “
Finally,assumingoscillationsoflowreducedfrequency,certain
observationsmaybe madeconcerningtheshapesofhysteresisloops,and
thevalidityoftheideaofa viscoustimelsginconnectionwithun-
steadylift:Iftheangleofattackundergoesharmonicoscillation,
thentheliftincrementisalsoharmonicwitha 90°phaseleadorlag,
dependingonthesignusedinthedefinitionof Clcl Inthiscase,the
hysteresisloopiselliptic.Iftheangleofattackvariesina non-
harmonicmanner,thenthevariationofliftdoesnothavethesamede-
pendenceontime,andtheideaoftimelagisinappropriate.
LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics
Cleveland,-Ohio,August17,1955
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C,c
cl
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cl;
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Thefollowingsymbolsareusedinthisreport:
functionsof q (eqs.(7))
functionsof q (eqs.(9))
functionsof q (eqs.(19b)]
liftcoefficient
rateofchange
rateofchange
functionof q
,
ofliftcoefficientwithangleofattacka
ofliftcoefficientwith ;
(eq.(20b))
universalfunctionforboundary-layercalculation(eq.(5a))
universalfunctionforboundary-layercalculation(eq.(13))/
semichordofellipticylinder(fig.1)
coordinatem asurednormalto surface(eqs.(6],(36))
dimensionlessoutervelocity,=u@
functionof q (eq.(3))
dimensionlesscoordinatem asuredalongsurfaceofellipse(fig.1)
time
streamvelocity(aconstant)
velocity
function
function
parallelto surface
relatedtounsteadyboundarylayer(eq.(15)))s qZE
relatedtounsteadyboundarylayer(eq.(18))
Cartesiancoordinateofsurfaceof ellipse
functionrelatedtounsteadyboundarylayer(eq.(18))
Cartesiancoordinateofsurfaceofellipse
NAC.ATN 3571 21
functionrelatedtomomentumthicknessofboundarylayer
~2u
= VT
angleofattack
time rate of change of a
incrementinangleofattack,s a - a(o)
thicknessratioofellipticylinder
circulationi outerflow
coefficientofhysteresisincirculation(eq.(10))
over-allthickuessofboundarylayer
displacementthickness,ofboundaryl~er
dimensionlessangular
coordinateonsurface
momentumthicknessof
velocity,= Al/u
ofellipse(fig.
boundarylayer
1, eq.(2])
functionforboundary-layercalculation(eq.(5a))
kinematic viscosity coefficient
density 1
skin-friction coefficient
velocity potential
frequency
(eq.(5a)),
Subscripts:
s,s evaluationat
steadyflow
o evaluationat
1 evaluationat
evaluationat
toporbottomseparatin point,respectively,of
atmsximumlift(a= ?)aO, .s=O)
forwardstagnationpoint,where q = O
outeredgeofboundarylayer
lowerseparationpoint
—.. — _.—_. . .—..—.—-—.-—- —. —. — —. ----- .— ——.—.--
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Subscriptnotationisusedforpartialdifferentiationwhereconvenient
Superscripts:
(0] steadyconditionsatmaximumlift
(1) unsteadycontributionduetomovementofseparationpoints
(2) unstea@ycontributiondueto impulsivepressure
t
1.
2.
3.
4.
5.
6.
7.
8.
evaluationatupperseparationpoint
denotesordinaryderivatives
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TABLEI. - RESULTSAT SEPARATIONPOINTS
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Separationpoint
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